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A CORRELATION BY MEANS OF TRANSONIC SIMILARITY RULES OF EXPERIMENTALLY
DETERMINED CHARACTERISTICS OF A SERIES OF SYMMETRICAL AND

CAMBERED WINGS OF RECTANGULAR PLAN FORM 1
By JOEN B. MODEWITT

SUMMARY

Transonti eimilurity & are applied to the comela-tim of
experimental datafor a aeriea of related rectangular wing8 of
varying a8peztratw, thi.ckn.e+w,and camber. The data correla-
tion i8 pre8ent4din two part8: Theji.r8tpart preeeni%the correlu-
thn for a 8m”e8of 23 wings having eymme$ricalh?ACA 6$lA-
sm”es 8ections; the second part b concerned with a etudy of
one type of camber by correlation of tlw data for a 8& of
18 cambered wing8 having h?ACA 6%A2XX and 6%4.4XX
8ecti0ns.

It wa8jound tha$the experimentaldatu could be,for % meet
part, 8ucce88fuUycorrelm%dthroughmdthe 8ub80niG,trammni.c,
and moderateeuper~onti regimm and thd, by proper choice of
parameters, the force and momeni data could be premni!ed
in a cotie manrwr e$ectkdy diqiaying the iranwnic char-
aci!mistia of wings of both Largeand emul.1aepect ratios. In
many in8tunce9it wmfound possibk to predi.dfrom tlw comelu-
tion 8twdieaamtzvpetid range of validity for the lineari~d or
sWer-body the&. It appear8 tha$ at i%e sonic &peed,
skier-body theory ti adeguai.efor rectan@ar wing8 of sym-
metrical projib if the produci of tha a-sped ratio and the 1/3
power of the thickne%8rat?kia .ka8than unity.

INTRODUCTION

Recent systematic experimental invwtigations of the
effects of wing aspect ratio, tbiclmwa, and camber for wings of
rectangular plan form at transonic speeds (refs. 1 and 2)
have provided data ideally suited for correlation by means of
tlm transonic similarity parameter (refs. 3 to 12). A datw
correlation study for wings of symmetrical proflea was made
in reference 8 and a similm study for wings of cambered
profle9 in reference 9. The pre9ent report presents the more
important results of these two correlation studies.

SYMBOLS

A aspect ratio, ~

b wing span
c wing chord

c. total drag coefficient,
total. ibx.g
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%iri minimum drag coefficient
0., frictiondrag coefficient, seamed equal to mini-

mum drag coefficient at 0.7 Mach number
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dCL
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dCL

intercept drag coefficient for cambered wings
(See @. 21.)

intercept presswe-drag coefficient for cambered
* (See fig. 21.) .

drag coefficient due to lift, CD– CDniaor CD–
CD,.,

.“ .

~t ~oeficient &t

‘ us’
lift coefficient f&maximum lift-drag ratio
pitching-moment coefficient, referred to 025c,

pitching moment
gsc

center of pressure
preswxe coefficient
drag function
camber, maximum displacement of profle mean

line from chord line (See fig. 18.)
lift function

maximum lift-drag ratio

free-stream Mach number
critical Mach number
pitching-moment function
presure function
dynamic pressure
wing area

thickwss-to-chord ratio

Cartesian coordinates where x extends in the
direction of the free-stream velocity

perturbation velocities normalized by division
by the free-stretun velocity

angle of attack
angle of attack for zero lift
ratio of specfic heats (for air 7=1.4)
ordinate-amplitude parameter
perturbation-velocity potential normalized by

ditilon by the free-stresm velocity

slope of lift curve, measured at zero lift

slope of pitching-moment curve
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TRANSONICSIMILARITYRULES
EELATIONSHIPSFOR POTENTIALFLOW

The similarity law for the two-dimensional potent;d~flow
about thin related wings at near sonic speeds was iirst puli-
lished by von lGirm&n,reference 3. (See also refs. 4 and 5.)
The extension of this law to include wings of finite span was
made by Berndt (ref. 6) and by Spreiter (ref. 7). According
to reference 7 the pr-u.re coefficient can be expressed in the
symbolic form 2

#13
c,=

{(7’+1)1/’ q [(7~l;,;2/3’ @@-w; ~ f }
(1)

where r is‘an “ordinate-amplitude” parameter used to denote
changes in profile thickness, angle of attack, or camber. This
form of the similarity rule is inconvenient for use in the
correlation of experimental data since the two parameters
II’.P-l -and (J&— 1)A2 vanish at M= 1. However, as was

[(-r+mlm ~
recognized by Berndt, one can take the ratio of the two
parameters to obtain an alternative parameter which does
not vanish at M= 1. The fundamental importance of the
alternative paramei%r A(t/c)’fi was originally demonstrated
by the data-correlation study of reference 8. In recent years
several papem concerned with the application of transonic
similarity rules have been published (e. g., refs. 10 to 12).

The potential equation of small-disturbance theory which
is valid for wings of moderate or small aspect ratio and for
unswept wings of large aspect ratio is the following

(1–M’)fb+w.+%=(?’+1)M2WZS (2)

The similarity rule based on equation (2) is the following
(ref. 10):

[(7+l)M’J1fi ~ _T
{

M’–l
#3 P— [(’Y+l)iw7]’/’

, A[(Y+l)i1427]l~; ;, ~
}

(3)
tfi, ora

cc

When considering a particular class of similar wings it is
possible to write equation (3) in the more convenient form

[(-f+ l)iwp’ ~ _T

{

W-1
+3 P— [(7+WWP’

A[(Y+l)M’t/C]’/3, ; ;
}

(4)

where r in the left-hand expression can be replaced by t/c
h/c, or a, depending on the particular problem at hand.
Furthermore, it should be recognized that the lefbhand side
of equation (4) can be modiiied by multiplication or division
by any of the parameters within the brackets, or by any
combination of the parameters.

t In tbo Eady Ilteretom amrning taammfeflowthem-y V3rfmu fol-msof the 6bnnerim
rule? were givan,all of wbld era aqnfvdenteta Me.cb nmnk of1butdlfkrallghtlyatn’on-
mdo hfechnnxntmrqamordlngto thenaamnptionsmadeh obtehhg thefumbuoantnl
eqwha.

INVARIANTRELATIONSHIPSFOBTHE SHOCKPOLAR

Since shock waves invariobl~..appear in the mixed sub-
sonic-supersonic flow that surrofidii .an airfoil at tmnscnic
speeds, it is necessary that the essential properties of shock
waves depend on the same similarity parameter as does tho
continuous potential flow if a succwsful ~pplication of tlm
similarity rules is to be made in the correlation of espwi-
mental data at transonic speeds.

When a uniform flow of velocity V, is assumed paralbl to
the z axis and if the velocity components after the shock are
designated by uz and W*, then the classical shock polar, ac-
cording to Busemwm, (e. g., ref. 13, p. 53), is

W2’= (U1– u,)’ ~ UlU2–ati
(5)

— u+ ulu’+(z~~+1

where a* is the critical speed of sound. By defining tho veloc-
ity perturbations to be the ratios

--= u’–u, __~,
u, ‘ ‘– u, (6)

the shock polar can be written as

where Ml is the Mach number ahead of the shock. For
Mach numbers slightly greater than 1 an appro.xinmtionfor
equation (7) can be obtained in the following mrmner. At
transonic speeds velocity perturbations normal to tho freo-
stream direction can be considered to be of smallerorder than
velocity perturbations in the free-stream direction; that is,

Then, if equation (7) is rewritten in the form

w’ (+ M,%)= (fM?–l)iZ2+~ M,%’

and if terms up to the order Z3 are retained (with terms of
order uii neglected), there results

(8)

This relationship is exact for normal shocks and for vanish-
ingly weak shocks @lath waves) and can be considered to
be the transonic approximation for the shock polar.

Equation (8) can be written in the invariant form

by defining new variablea to be

*(7+1)M,%, &= (’r+l)MFiF

2(M+1) 2(M1i_l)8/2

(9)
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If the usual assumptions of small-disturbance theory (OP*Z
M?–1rmdti~~) aremade, invariance of the parameter

K-f+lmf12d2@

t(’Y+l)tiq’fi - ~- “loads to invariance of the expression ~n P.

These parameter are of the same form as those appearing in
equation (4).3

SfMPLIFTEDFORM OFTHE TEA.NSONIC~Y INJLE

The simp~ed similarity rule given by equation (1) can be
written in the form

%=T[%WY%’:l (lo)

whore the expression (T+ 1) has been omitted since the gas
is aswmed to be a constant medium. This expr-ion is
equivalent to equation (4) at M= 1 and can be used equally
well when the flow field is entirely subsonic or well-estab-
lished supersonically since either form can be shown to
coincide with the similarity rules of linearized theory. The
simplified form has certain advantages, not only because
of the relative simplicity of the parameters, but because
tlm particular parameter A(t/c)ln contains only geometric
vmi~bles.

For practical reasons, the simplified form of the similarity
rule given by equation (10) will be used in the following data
correlation since it was found that any improvement of the
data correlation resulting from use of the more exact rela-
tionship of equation (4) appeared to be within the accuracy
of the experimental data. (However, it could be expected
that equation (4) would give, in general, superior results
when two-dimensiomd-flow data are compared with non-
linear theory at tmnsonic speeds.)

The variations between Mach number, aspect ratio, and
thickness ratio implied by the constancy of the two param-

etms ‘~ and A(t/c)lfi are shown in figure 1.
(t/c) (See deo

tables I to III.)

TEST PROCEDURE AND DESCRIPTION OF MODELS

The experimental data for the symmetrical wings (ref. 1)
and for the cambered wings, (ref. 2) were obtained by identi-
cal testing procedures. The semispan wing models were
mounted in the high-velocity field of a bump in the Ames
l&foot high-speed wind tunnel. Although the streamlines
of the flow in the testing area were slightly curved, the
effects of the nonuniformity of the flow field are believed to
bo small. However, some rounding off of any sharp breaks
in the force and moment variation with Mach number can
be expected.

The wings tested were rectangular in plan form and
utilized NACA 63A-series proiiles. The cambered wings

$Thb~nabm~ tiMtiti~wti@ tiW*Wof&titi
b notfrsastmombym oftbefollowingrJpproxfmstQrolatfoashlp

I–af,z- I–iuq+l)af+

.08 I \ I \ I 11w,, -

z .05 I \ I \l \ I \ II
~ >1 t

WY I 1 1 I
.4 .3 .b .[ .t! .3 Lo 1.1 1.2 1.3 L4

Mach number, M

J.f2_~
(a) Thiokness ratio versus Maoh number for constant —

(t/c)*

Fmum I.—The transonio similarity parametem.
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had NACA 63A2XX and 63A4XX sections with an a=O.8
(modified) mean line. This modification to the mean line
maintained straight portions of the profiles over the last
15 percent of the chord (see ref. 14). The aspect ratio
varied from ~ to 6 and the thickness-to-chord ratio varied
from 2 to 10 per_~t. The data were obtained for a Mach
number range fro& 0.40 to 1.10, which corresponded to a
Reynolds number range from 1.25 to 2.05 million. A more
complete description of the testing procedure is given in
the basic data reports, references 1 and 2.

41367!2-07+0



1358 REPORT 1263—NATIONAL ADVISORY COMMIT’TEE FOR AEIRONAU’MCS

.08

I I
.06

I I I

.04 =-++- 1 I I I

I A=2
0 II I [ I I I I

.08

.06

.04
--- r= - -——— —- —- - —-

.02
A=I.5

0

.08

.06

.04
- _...-—=. -. - --- =J=l====? . - .r--- _,-

.02 - — “ — - - -- — H -

A=l
0

.08

.06

— 63AO 10
.04 ——— 008

006
004 ~.02 ‘
002 AEO.!

‘4
, , I

.5 .6 .7 .8 .9 1.0 1.1
5 I I F--l--t--

Moth number, Af

FIGURE 2.—The variation of lift-curve slope with Nkch number for the symmetrical wings.

DATA CORRELATION

L SYMMETRICAL PROFILES

rmr

The variation of lift coefficient with angle of attack w89
essentially linear at moderate angles of attack throughout
the Mach number range for aspect ratios greater than about
1.5. Althou@ the wings with the lower aspect ratios showed
an increasingly nonlinem variation of lift with angle of attack
and approached the theoretical sinsa variation for vanishing
aspect ratio, it is convenient to restrict the lift analysis to a
consideration of the lift-curve slope evaluated at zero-lift
coefficient, which provides a close approximation for lift
characteristics at the moderate angks of attack for which
the similarity rules can be espected to hold.

The variation of lift-curve slope with Mach number is
shown in fiawe 2. Above the critical Mach number an
abrupt decrease in I.ifkcurve slope occurred for some of the
wings of larger aspect ratio and large thickness ratio. This
decrease is believed to be the result of the formation of
shock waves whicl cause flow separation at the airfoil sur-
faces. As the Mach number approached 1 the shock waves
moved toward the wing trailing edga and the flow reat-
tached, resulting in large variations of I.if&curve slope with
Mach number at high subsonic speeds. This irregular vari-
ation in the lift-curve slope is a phenomenon apparently
dependent on a combination of thicknss and aspect ratio

since the smaller thiclmess ratios and smaller aspect ratios
showed no such irregularities in the lift-curve variation with
Mach number. (It will be shown in the following data cor-
relation that this erratic variation occurred only for thoso
wings having values of A.(t/c)’~ greater than about 1.0.)

In the lift-correlation study the following generalized ex-
pression for lift-curve slope is used:

(3’”(%=.0=4$%’4)’7’11)

The variation of the generalized lift-curve-slope parametm
(t/C)’fi(dCL/&Y)..Owith A(t/c)’fi for several constant values

fM2—1.of the speed parameter — IS shown in figure 3. Com-
(t/c)2~

parison is made for subsonic speeds with the theoretical lift-
curve slopes calculated by applying the three-dimensional
Prandtl-Glauert transformation to the Weissinger lifting-line
theory of reference 15. At M= 1 comparison is made with
the slender-wing theory of R. T. Jones, reference 16. Agroo-
ment between theory and experiment for aspect ratios greater
than about 3 is satisfactory only in the subcritical Mach
number wige. At supercriticrd Mach numbe.w and values
of A(t/c)l@ greater than about 1.6, the poor correlation sug-
ges% separated flow for which the concepts of smrdl-pertur-
bation theory would be violated. The value A(t/c)lfi= 1,6
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FIQmm 3.—The correlation of lii%curve slope for the symmetrical wings.

oppeam to be the.approximate limit for airfoils which do not
mh.ibit noticeable irregularities in lifhcurve-slope variation
with Mach number.

(
3,f2_~

)
At the sonic Mach number i.e., W=O ~the experi-

mental data agreo well with slender-wing theory for values
of A(t/c)’@ less than about 1. Hence, within the indicated
limits, the lift may be approximated by the .’following
equation:

M=l 1

cL=~Aa,

o/4 : “3<1
}

(12)

For increasingly greater values of A(tic)’~ a rapid and ap-
parently asymptotic approach of (t/c)ln (dCL/da)a.Oto a
constrmtvalue is indicated which implies an inverse variation

of lift-curve slope with the 1/3 power of the thickness ratio
for sonic, two-dimensional flow. The theoretical result of
Guderley and Yoshihara (ref. 17) for a double-wedge profile
in sonic, two-dimensional flow is included in figure 3. These
results illustrate how the transonic similarity rules can be
used to display effectively the transonic characteristics of
rectangular wings, showing, in particular, the linear de-
pendence on aspect ratio for small values of A(t/c)l~ and the
asymptotic approach toward independence of aspect ratio
for large values of A(tIc)’fi.

The results of the data correlation are cross-plotted in

figure 4 for those values of A(t/c)l~ and’~ where a reason-

ably good correlation was indicated. It is interesting to
note that the wings of large A(t/c)l@ exhibit the negative
variation of force coefficient with Mach number which is
characteristic of two-dimensional flows at”sonic speed. This
variation is a consequence of the relative variations of local
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FIGURE4.-Sumsnary ourves of the genemlized lift-curve slope for
the symmetrical -wings.

and free-strenm dynamic pressures, the local Mach numbers
being effectively hozen at near~onic vnhms aa the free-
stream Mach number increasw through the transonic speed
range. (See refs. 18 to 20.)

DRAG

Whenever possible, it is convenient to separate the drag
coefficient into components of friction drag, minimum
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prwsure drag, and drag due to lift,

C.=c.f+(CD,)W,X+ACD (13)

The similarity concepts can be applied separately to minimum
pressure drag and to drag due to lift but friction drag cannot
be brought into the correlation scheme. The friction drag
coefficient is believed to change little with Mach numb8r in
the transonic range and can be approximated by the mini-
mum drag coefficient at some subcritical Mach number, my
at 0.7.

llinimum pressure drag.-The basic data curves for tho
variation of minimum drag coefficient with Mach number
are presented in iigure 5. The aspec6ratio-6 wings exhibited
the negative variation of force coefficient with Mach number
which is charactaistic of two-dimensional flow at neor sonic
speeds. The experimental vaks of (dOD/dkf)~.l for ihe
wings of aspect ratio 6 agree qualitatively with values im-
plied by the following relationship (an e..act theoretical re-
sult applicable to symmetrictd profiles of any shape, ref. 19):

d(?D()TM ~.l ‘-.% ‘CD)M”l
(14)

This agreement occurred in spite of the fact that the test
conditions were not ideal and did not agree with the concept
of an infinite and uniform flow field assumed in the theoreti-
cal rewming.

The correlation of minimum presswe drng shown in figure
6 was made by application of the following similarity rub
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FmuBD 5.—The variation of minimum drag coefficient with Maoh number for the symmetrical wings.
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A(t/C)m

hum f3.-Thecorrelation of minimum pressure drag for the
symmetrical wings.

(15)

where the minimum prwwre drag coefficient -was obtained
by subtracting a constant friction drag coefficient (aewmed
equal to the minimum drag coefficient at,0.7 Mach number)
from the minimum drag coefficient; that is,

(CD2)~im=CDn,n– (CDrn,n)M.O.7 (16)

The data for the 2-percenMhick wing models were omitted
from figure 6 because of the uncertainty of reading accurately
the rather small transonic drag rise of these models. These

(C~9)~iS~hi&thinnest tiirfoilshad unusually large value of (t/c)’J’

might be the remit of the boundary layer creating an effec-
tive thiclmess considerably larger than the actual profile
thickness. The generalized drag coefficients are then mag-
nified for the thin airfoils by the 5/3 powers of the ratios of
effective thickness to profile thickness.

Although the data correlation was poor in the vicinity of
the critiwd Mach number 4 the correlation is remarkably

5
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FIGURE 7.—The correlation of minimum presmre drag at M= 1 for
the symmetrical wings.

good at the sonic Mach number and the results for this
Mach number are repeated in figure 7. (The data for
2-percent thickness are included in iigure 7 to illustrate tbe
pronounced effect of the boundary layer for t.hcse thinnest
proiiles.) At fkf= 1 the minimum pressure drag coefficient
is seen to vary linearly with aspect ratio and with the sec-
ond power of the thickness ratio for values of A(t/c)l~ less
@an about 1,

(c%)rni. ()=2.3A ; 2, ikf=l
() 1 (17)

A ; ‘n<l
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l?or values of A(t/c)’n greater than 1 the generalized co-

eEcient c~’,~” approaches rapidly and asymptotically a

constant value for which the minimum prwmre drag co-
efficient varies with the 5/3 power of the thickness ratio in
accord:uma with the drag similarity rule for sonic, two-
dimensional flow. The extrapolated two-dimensional-flow
value for M= 1, (C~r)=iB= 3.55(t/c)s~,was obtained by plot-

.
ting against the inverse parameter

A(tjc)’fi- The theoretical

pressure drag coefficient for a double~~edge profile (ref. 22)
is sommvhat higher.

The correlation of minimum prwmre drag is summarized in
figure S by cross-plotting horn the faired curves of figure 6.

FmuRE 8.-Summary curves of the genemlized mkdmum prcsaure
drag coefllcient for the symmetrical wings.
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F

The fundamental importance of the similarity parameter
A(t/c)I@ is chrly evident from the preceding correlation.
A further indication of the importance of this parameter can
be obtained from a comparison of figures 6 and 8 which
illustrates how a multiple family of basic data curves con be
summarized by a single presentation involving ordy one
geometric parameter.

Drag due to lift,-The drag-due-to-lift parameter Ao=[oh’
is &&cult to correlate because of the many factors involved.
In addition to changes in flow separation and in boundwy-
layer development with changing angle of attack, there aro
other factors such a~ shock-wave interaction with tho
boundary layer that lead to departure of the drag polam from
the parabolic shape. However, for small values of lift
coefficient, the drag due to lift may be assumed to vary
linearly with CL2and the following similarity rulo results

(18)

The basic data curves showing the variation of ACD/0h2
wiiih Mach number are presented in figure 9 and tlm come-
lation of these data is shown in figure 10. The dashed lima
of figure 10 represent the idealized limits for drag due to lift
with full leading-edge suction and with no leading-wlge
suction. The theoretical drag due to lift with full leading-
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edgo suction is (when
loading is asaumed)

an elliptical spanwise variation of

AcD=~ (19]

rmdfor no lerding-edge suction (resultant force perpendicular
ta the plane of the wing) the following approximate relation-
ship can be used:

A~~ = CLa (20)

In twins of the similarity parameters th~e equations become

()
t ’113ACD 1

~mA(t/c)’\3
(21)

;

()
t ‘V3 @ 1

w= (t/c)’fldC”da
(22)

;

Numerical values for (t/c)ln(dCXZa) are presented in figure
3. At subcritical speeds the data lie somewhere between
the two limits; however, a gradual loss of leading-edge suc-
tion occuns when the wings enter the transonic speed range.
At transonic speeds the drag force for the larger aspect ratios
and thiclmess ratios is actually somewhat higher than the
value corresponding to a resultant force perpendicular to the
plane of the wing, suggesting that some increase in separa-
tion and viscous dlects occurs with increasing angle of
attack. A poor correlation w-asobtained for large values of
A(t/c)Ifi for values of the speed parameta near —1 where a
poor correlation was also obtained with the lift data.

The parameter (t/G)-ln(@=/@) is inadequate for display-
ing dragdue-to-lift characteristics for small aspect ratios
since this parameter becomes i.n6nitely large as the aspect
ratio goes to zero. h alternative similarity rule (obtained
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by multiplying both sides of equation (18) by A.(t/c)’~
which is suitable for low aspect ratios (but not for large
aspect ratios) is the following: 5

[“+’’(:)”l
A ~–Am2 (t/C) B

C.-a

ACD-C==

(23)

The M= 1 data are pr~ented in figure 11 in the manner
suggested by equation (23). Only for very low vahm of
A(t/c)’n does the drag due to lift tend toward the formal
result of slender-wing theory AoD= (zr/4)Ad. As a remit
of the gradual loss of leading-edge suction as A (t/c)’n varies
horn O to 1, the experimental data in the simi.kdy scheme
can be approximated by a straight line which leads to the
empirical relationship “

()
~1/3

%++0”35 ;
(24)

The drag-ducAmJift correlation is summarized in figure 12
by cross-plotting the faired curves of @ure 10.

1.5 I I I I
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-A MO. 4+035A (t/c)”3CL2 ‘\ A

a- 1- “ “ .
10 I I I I I \ I Y ~-
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FIGUREIl.—The correlation of the dmg-duetcdift parameter
ACD
— at ilf= 1 for the symmetrical wings.-’l CL1

J Apeter mltableford@Wng sbmWmeol191ytbedrag-duetdlftb3kWiorforem9n
valuesof A(f/c)@ andtboesynrptotlolmhevferforlarge-@W is thepemmotar(tic)~
(ACD/d). (Sea@ 16ofref.&) It b morefnstrooti~,however,tousetheratiooftie drag
duetoMttiti W*ht W@uhti_tmmti

I 1 , , I

FIGrm.n 12.-5urnmary cumw of the generalized drag-duc+to-lift
ACD
—J for the symmetrical wings.parameter, (f/c)-in CL,

MOMENT

The similarity rule for pitching-moment-ewe slopo is

- %Y[$%’($’’”$l(26)

where it is neccsmry to include the parameter ~ since tho
iyc

data is often nonlinear, especially for -wingsof srntdl aspect
ratio.

The variation of dCJdCL with lMach number for ~ ratios

of O, 1, and 2 radians is presented in figure 13. (The values
of a in degrees are tabulated in table ICI.) For the larger
aspect ratios dC~/dO’ behaves erratically at high subsonio
speeds, the erratic behavior probably being due to tho samo
causes as the irregularities of the M&curve slope and drag
due to lift at the corresponding Mach numbers. At Mach
numbers up to the critical, the effects of c.ompresaibilityare
relatively small as is predicted by linmrized theory. At
transonic speeds a large change in the center of pressure
occurs for the wings of large aspect ratio, the aerodynttmic
center moving from the vicinity of the 2S-percent chord at
subsonic speeds toward the midchord at supersonic speeds.
Only for very low aspect ratios is this change in centf3rof
preswre substantially decreased.
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The correlation of dC~dC. is presented in figure 14.
Although considerable matter of data is evident, the curves
have been faired to favor the data for thickness ratios of
4 percent which do show a good correlation. The V~UOS of

dC~dCL for ~=0 represent the position of the center of

pressure for zero lift and, for all values of the speed parameter,
the center of pressure is shown to move progressively toward
the leading edge as the aspect ratio approaches zeroj a result
to be expected from a consideration of slender-wing theory.
At M= 1 a linear variation of dC./d0z with A(f/c)lJ3is a
reasonable approximation for values of A(t/c)l@ less than
about 1 while for values greater than 1 the pitching-moment-
curve slope may be considered to be constant and independ-
ent of both aspect ratio and thickness ratio. The correlation
is summarized in figure 15 by cross-plotting the faired curves
of figure 14.

MAXIMUMIJF1’-DFtAGRATIOANDOPTIMUMLIFTCOJ3FFICIZNT

The maximum lift-drag ratio and the optimum lift co-
efficient are given by the following formulas when the drag
polars are parabolic:

““”m (27-)

Because of the friction drag, generalized expressionsin terms
of the similarity parameters are not useful in correlating
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FIQUBE16.—The variation of maximum lifbdrag ratio with Mach number for the symmetrical wings.

ex~erimental data. However, a few remarks will be made
concerning the effects of aspect ratio and thickness ratio at
transonic speeds.

The variation of (.L/D)_ with Mach number is presented
in figure 113. At low speeds and large Reynolds numbem, the
mminmm lift-drag ratio depends principally on the value of
the aspect ratio. Above the critical Mach number, where the
pressure drag becomes large, the lift-drag ratios are found to
bo essentially independent of aspect ratio but indicate a pro-
nounced dependence on the thickness ratio. This independ-
ence of aspect ratio at tranaonic speeds is due largely to the
opposite variations of drag due to lift and minimum drag
with aspect ratio.

At M=l the linear variation of force coefliciente with
aspect ratio is characteristic of wings having values of
A(t/c)’~ lws than about 1. The following formulas were
obtained by use of the empirical relationships given by
oquatione (17) and (24):

M=l

c

{

.D1+2.3Jl(t/C)’
Lopt=

$+o.35(t/cyf3

()
A : “3<1

(2g)

(29)

A comparison of maximum lift-drag ratios according to
equation (28),assumingthat CDf=0.0070,tithexperimental
data is made in figure 17.
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II. CAMBERED PROFILES

The cnmbered wings have been grouped into families
according to the value of the cambw-to-thickness ratio h/t
in order that the tmnsonic similarity rules can be used in
the data analysis. The camber parameter h represents the
amount of camber and is defied as the mssi.nmm displace-
ment of the mean line horn the chord line (see fig. 18).

The cambered wings chosen for the data correlation belong
in one of three basic families for whicli the camber-im-thick-
ncss ratios, h/t, are 0.222,0.333,and 0.444. These airfoils
are listed in the following table:

h/t
1---1

&K&A t/c h/c - ~~

I I
QZZ3 I 03w9 I aw I aom I 432L51 I

1 1 , , I

Some of the results of the previous data correlation for
the symmetrical wings (h/t=O) are repeated here in order
to form a basis for determinhg the efTectsof this type of
camber on the transonic characterktics of rectangular wings.

LIFT
The lift correlation is presented as separate studies of the

lift-curve slope and of the displacement of the lift curve due
to the presence of camber. When a linear variation of CL
tith a is assumed, the following generalized expression for
the lift-curve slopes of cambered wings remits

: ‘“%=4%W:HI] (30,()

C.-a J

The displacement of the lift curve can be studied by use
of either the generalized expression for the angle of attack
for zero lift

%=4W’A(Y3’:1 (31)

or the genemdized expression for the lift coefficient at zero
angle of attack

()~1’3(C&o

z —, A : ‘“,;— ‘X3 [&c;:h/c () 1 (32)

i-- Meon line
\.

i ~-Chord line
\ !

t
t —.

I

~c—-l

FImnm 18.—Wing-profUenomenclature.

Since the latter two equations are related to each other by
virtue of the generalized lifi%urve slope (eq. (30)),it is
sticient to consider only one .of these equations.

Angle of attack for zero lift,-The correlation of the angle
of attack for zero lift is presented in figure 19. It should be
recognized that the angle of attack for zero lift is particularly
sensitive to model construction details, tunnel flow charac-
teristic, and accuracy of measurements, making this a
diilicult parameter to correlate.

Since the parameter ~ did not:show a systematic depend-

ence on the value of tie camber-to-thickness ratio L/t, all
the wings of the various camber-to-thickness fmnilics have
been grouped together in the correlation and a single curve
has been drawn through the data points. I?or Mach num-

(hers less than the critical which is in the neighborhood of
.

M’–l )—=—2 the angle of attack for zero lift shows little(tlcw
change with- changes in Mach number, and the experhmmtal
values of m for -wings of large aspect ratio are closely pre-
dicted by tw-o-dimensionedflow theory.e When the critical
Mach number is exceeded, the changes occurring with in-
creasing Mach number axe quite large for all but the very
10TVaspect ratios -whiih are characteristically insensitive to
changes in Mach number. Upon entering the transonic
speed range the wings of large aspect ratio lost most of the
camber effect, a remit to be expected since, according to
linearized supersonic flow theory, the addition of camber
does not affect the lift.

~Thetheoreticalmloe abownff fkrm 19wascalonla@3by useof thoa.O.8 (modlSod)
mean-lfnedataoffl~ 8,mfemlcO14,andI%wuidm(16j0fIOf3iWX0Z1.
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Lift-ourve slope.-The correlation of lift-curve slope is
presented in figure 20 with each camber-to-thiclmwss-ratio
family presented separately since the lift-curve slope ap-
peared to depend on the carnber-to-thiclmess ratio at tran-
sonic speeds for large valu= of ~(t/c) 1’3. The experimental
data for subsonic speeds are compared with the Weissiiger
lifting-line theory (ref. 15), and at M= 1 a comparison is
made with slender-body theory (ref. 16).

Camber apparently has no appreciable effect on lift-curve
slope (measured at zero angle of attack) at subcritical speeds
nor at transonic speeds for wings of low aspect ratio @(t/c) ln
less than about 1). At tmmsonic speeds the lift-curve
slope for tiga of large aspect ratio appears to increa9e with
increasing h/t.o

DRAG

When a wing is cambered, it is diflicult to separate the
drag into components according to equation (13); in par-
ticular, it is diilicult to ascOrtaina minimum-pressure drag
which is bee from induced-drag effects. A drag analysis of
cambered-wing data is complimted further by the large
changes in viscous effects which may occur as the lift changes
from positive to negative. These viscous effects must be
separated horn the pressure drag if the transonic similarity
rule is to be applied. One way, which is based on a number
of appro.simations, to separate the viscous effects from the
pressure @C is the following:

hear variations of a= with c.’ and CLwith a are assumed
and the drag data at very small and at large lift coefficients
are ignored. The drag components are then deiined accord-
ing to figure 21.

CL2

Stmight-line --x
appmxlmattcm

/

I I \ G

F’A=0.7+’”J,-q ‘ -
l—-’.,. +

FIGURE21.—Drag nomenclature for cambered win=

A straight line is drawn as far as possible through the
CDversus CL’ data points and the intercept of this shaight
line with the zero-lift axis is then used to dd.ne an intercept
drag codicient C=t.,. The intercept pressure drag is deiined
as

(CD,) izt=cDiai– (CDJM=0.7 (33)

and the slope of the straight-line approximation ACDICLZis
used as n measure of the drag due to lift. The intercept
drag coefficient C~t*,,as dd.ned here, is a fictitious minimum
&.ag Coficient and the ~c~~ minimum ~c coefficient is

somewhat higher. (The subcritical intercept drag for
cambered wings may be thought of as corresponding to tho
friction drag of symmeticd wings.)

Intercept pressure drag.-The intercept pressure drag,
equation (33), can be correlated by use of the similarity rulo

The correlation is presented in figure 22 and compared wit.b
the pretious results (dashed lines) for the symmetrical wings.

The correlation indicaks that the intercept pressure drag
increases smoothly with increasing camber-to-tkiokncss
ratio. I?or moderate aspect ratios the increase in drag
coeilicient is roughly proportional to the camber-to-thickness
ratio squared. As the aspect ratio becomes very small tho
camber effect tends to disappear, while for very largo aspect

(CDP)Mratios the generalized coefficients
(t/c)’13

apparently ap-

proach constant values which increase with increasing h/t,

Data, however, were not available for sut%ciently largo
aspect ratios to assess accurately the camber effect for two-
dimensional flow.

Drag due to lift.-The dragdue-to-tit parameter AC~/CL2
is correlated in figure 23 according to the similarity rule

()t ’113AcD_A
7 [M3’A(2’YZp-- m (t/c)’~

C.-a \ (36)

AcD - C~i )

The dashed curves in hgure 23 represent the idealized limits
for drag with full leading-edge suction, and drag with no
leading+dge suction (see eqs. (21) and (22)). & evidenced
by the correlation, the drag due to lift decreases consistently
with increasing camber-to-thickness ratio throughout the
entire Mach number range.

MOMENT

The pitching-moment characteristiimare analyzed in two
parts: the evaluation of pitching moment at zero angle of
attack and the variation of pitching moment with anglo of
attack.

Pitching moment for zero angle of attaok,-The correlation
of pitching moment for zero angle of attack according to the
similarity rule

[“’-w)w ‘3”)- (ar.o=wo F

is prmented in figure 24. The correla~ion parameter

% (C~)=.O appeaxs to be independent of the ambw-to-

thiclmess ratio h/t and, thus, the zero-angle-of-attack
moment (Cm).. O can be considered to be linearly propor-
tional to the camber ratio h/c throughout the speed range.
The variation of (OA~.O with changes in aspect ratio and
lMach number is pronounced, in particular, the wings of
large aspect ratio undergo substantial moment changea on
entering the transonic speed range.
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FIQurm 24.-The correlation of pitching-moment

Pitching-moment-curve slope,—’lle momenkume slope
for cambered wings is expresed symbolically in the similarity
sclmme as

%=+%WY%’3 (37)

The correlation of dCm/dC5for ~=0 is presented in figure 25.tjc
For subcritical speeds and for values of A.(t/c)’n less than 1
the effect of camber is negligible. At transonic speeds for
large values of A(t/c)l@ the addition of camber results in
more negative values of domldoz.

BfAXIMUM LUT-DEAG RATIOS

The correlated data at near sonic speeds indicates that the
drag due to lift decreases somewhat as the intercept pressue
drag increases. Because of the opposite effect of these two
variations, it could be expected that L/Dmmwould not change
greatly with changes in h/t. Although the similarity rule
does not apply because of the friction drag, it is instructive
to present the experimental mtium lift-drag-ratio data of

63A204 :AA~; 63A206 SWlOS
~ A=4 A A=4 V A=4
v 3-43~3
D 2a2b2Q2
D 1.5al-50 I .5
0 1010 [01

coefficient at zero lift for the cambered wings.

referenee 2 in terms of the camber-to-thickness ratio h/t.
This has been done in figure 26 for the sonic value of the free-
stream Mach number. l?or wings of moderately low aspect
ratio (aspect ratios from about 1 to about 3), the effect of
adding a small amount of crunber is to increase slightly the
mbum lift-drag ratio. It is diiiicuIt to say what value
of h/t is optimum but, apparently (excluding the very thin
wing, t/c= 0.02, for which the boundary layer is a signiikant
part of the wing effective thickness) the optimum occurs
near h/1=0.25 with the most beneficial effect for aspect ratios
near 2.

CONCLUDINGREMARKS

This report shows that, with the exception of those wings of
large A(t/c)l@ at high subsonic Mach numbers where erratic
variations of force and moment coefficients occurred, it is
possible to correlate experimental data for wings having a
wide range of aspect ratios, thicknesses, and cambem by a
unified method applicable at subsonic, transonic, and mod-
erately supersonic Mach numbem. It ia further demon-
strated that, by proper use of the similarity parameters and
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FIGURE2(3.-;he variation of maximum lift-drag ratio with oamber-
ta-tbicknem ratio at M= 1.

coefficients, the data could be presented in a concise manner
effectively displaying the wing characteristics for both large
and small aspect ratios.

At M= 1 a linear variation of force and moment coefficients
with aspect ratio was found to be a universal property for
symmetrical wings having values of JI(t/c)ln 1=s than about
1, while for larger values of ~(t/c)I~ an asymptotic approach
toward two-dimensional flow independent of aspeck ratios
was indicated. As a consequence of this result it might be
clmcluded that slender-body concepts apply for rectanguk
wings at IM= 1, provided the geometric parameter ~(t/c)’n
is lCSSthan unity. A corresponding evaluation of the limit-

M’– 1
ing value of the speed parameter —

(t/c)’fi
at transonic speeds

was not obtained. However, some remarks concerning this
parameter for two-dimensional flow espansion is given in the
appendix. ●

Ams AERONAUTICALLABORATORY
NATIONALADVISORYCOEWTTEEFORAEROWUTICS

MOFFWIT I’IELD, CALIF., Dec. 17, 1961

ON THE LIMITATIONS OF LINEARIZED TE1310RY FOR
SIMPLE FLOW EXPANSION AT TRANSONIC SPEEDS

The general requirement for linearization of the potential
cquution of steady flow is that either of the parameters

~M9~1)alj or L4+n be much less than 1. In the data correla-

tion o~ this report it was shown that linearized theory
appeared to be valid at M= 1 (for the wings tested) whenever
A.(t/c)l@s 1. A emresponding result for the speed p-

meter ~~} was not obtained.
(t/c)

However, it is interesting

to note that a limit for two-dimensional linearized theory
can be obtained from a consideration of two-dimensional
flow esprmsion at transonic speeds.

The characteristic solution of equation (2) is the following

~=2[(’r+l)M’1L+M’- l]3/*

3 (-r’+ l)kl’
+0

1–M’ 1 (Al)

‘>mjliz

whore C is an arbitrary constant and the value

~=(;;lyw
(M)

is an approximation for the critical Mach number.
J?or supersonic initial Mach numbers the constant O is

evaluated by requiriig that w= O when u= O to obtain the
following tmnsonic tipproximation for Prandtll-Meyer flow,

(3/2)2n
‘–”*= [(’r+ l) M’l’/a @’–@”3

where
. u~–~~

~_ 2@l’-l)~~
––~

MZ 1

(A3)

Equation (A3) can be expanded by the binomial theorem
to obtain two di.flerent series expansions, depending on
whether d is greater than or less than WM. Under the
assumption that Cr= —2u, the following is obtained

, (7+1)M’ [(7+ l)Mq’
cp=–J~~l 12(~M’_~)~ ‘–3(M2_~)T,2 ‘+ . . .

1 (A4)

w#<wF’ J

~ 2(34’-1)= –2(3/2)v3
‘–(-Y+1)M2 [(’Y+ l)M’I’13 ‘a–

2 (2/3)43 (M2—1)S12
[(-i+ l)iwp’ ‘-’n+

2(2/3)u3(M2—1)~-us
9[(Y+l)Mq7n + “ “ “

w’>@’

(A5)

with the convergence boundary for these seriesgiven by

C,=–2(2’J3-1)‘2–1
(Y+l)M’

(A6)
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A series representation for shock compression can be ob-
tained horn equation (8). For weak shocks there is obtained,
(0.= —2Z),

(7+1)W ; lo[(-I’+l)Mq’
cp=4&+2(iIP-q’ y 32(M%–~)W ~+... W)

and for stiong shocks

2(M2–1) (Y+1)M2
C’=(’Y+1)M2 (M=-1)*

~ [(-f+ums @
2( iw-ly — “ “ “

(A8)

Equations (A4), (A7), and (As) represent the pressure
coefficient by infinite series involving ascending integer
powers of the flow deflection with the iirst terms representing
fu-at-order theory. However, equation (A5), which applies

if o,>–2(2’~–1) ‘–1
(7+1)M2’ involves descending fractional.

powers with the tit term varying nonlinearly as the 2/3
power. These results suggest that a limit for linearized
two-dimensional-flow theory at slightly supersonic speeds is
given by equation (A6). At subsonic speeds linear theory
could not be expected to apply above -the critical Mach
number. These estimated limits for linear theory are shown
in figure 27.

I I I I [

?8 ,9 LO I .2
Mock turnber,;

1.3

l?rcmmn 27.—Estimated transoniu limits of linearized theory for

two-dimensional flow espansion.

The practical limit for linearized theory, of coume, de-
pends on one’s tolerance for error. It can be shown that
this convergence boundary corresponds approximately to a
line of constant-percent error for linearized theory. Con-
sider a flow deflection corresponding to the convergence
boundary, that is,

The corresponding linearized result for the pressure coefE-
cient is

(A9)

and the second+rder result based on equation (A3) is

[ 1c,=–2(2’/3–l) ‘2–1 – ~–(2*/3–1)’ (M2–1)3
(7+1)W 3 [(7+l)J@j’‘AIO)

For lMach numbers near 1 the second term of the abovo
eguation is negligible when compared with the first term and
equation (A9) is appro.sirnately 13 percent greater thrm
equation (A1O). Hence, linearized theory is npproxtiately
13 percent in error at the convergence boundmy shown in
figure 27.
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TABLE 1,—VALUES OF THE GEOMETRIC PARAMETER
A(t/c)l~ FOR THE WING MODEIAS TESTED

A

:
6
4
4
4
4
s
2
‘1
2

t/c

cl;

.WJ

.10

:%
.IN
.04
.10
.r@
.Ce

A(t/c)~

2764
26s.6
2352
L666
;g
1.623
.9ZS
.W4
.7W T

A t[c

2 0.04
2 .62
LS .04
;6 .02

.10
1 .03
1 .65
1 .04
1 .02
.5 .04
.5 .02 1

A(t/c)~

:%&

.513

.467

:%
.392
;.#

.m

.130

TABLE 11.-NUMERICAL VALUES OF (t/C)ln, (tlc)g~, AND (t/C)s/*

[

t[c

o.12
.11
.10
.Cm
.m
.07
.&?!
.Od
.W
:8

UIcw

0.409
.479
.&i
.448
.431
.412
.39!2
.2s3
.342
.311
.271

(t[c)m

0.243
.m
;;;

:%
.m
.136
.117
.Q37
.073

(tic)-

O.om
.026!
;yl]

.014s

.0116

.m

.lxm

.W
:E

TABLE IIL-VALUES OF THE ANGLE OF ATTACK (IN
DEGREES) FOR VARIOUS VALUES OF THE RATIO ;
(IN RADIANS)

Angle ofattaekqdegrees
t/e

;, O.5mdlm LOradlm L6mdhm 2.6r8dlan9

I 6.10 I 287 I 6.73 I &m I -------I
.@ !223 4.hs 6.s7 -------
.06 L72 3.44 h 16 &w
.64 ------------2!23 X44 4s9

I m I ‘----------- I ‘------- I ‘n I ‘m I

u. z. GOVCRMMW PalrrlnaOrncI, 13X7




